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ABSTRACT: The interactions of an isolated, rodlike polyelectrolyte with nearby surfaces of like charge 
are examined by using simple descriptions of both the polyelectrolyte and the free energy of interaction: 
the rodlike polymer is treated as a line charge and the interaction energy is handled in the Debye-Huckel 
approximation. A combination of electrostatic and entropic effects is predicted to produce both segmen- 
tal depletion and chain orientation. The depletion predictions have been incorporated into a molecular 
model for polyelectrolyte separation in size exclusion chromatography columns containing a stationary 
phase with surface charge. In the region close to a flat wall, long-range repulsive interactions create pref- 
erential alignment of rod segments perpendicular to the plane of the wall; without these interactions, par- 
allel alignment is favored. 

Introduction 

The behavior of polymers near nonadsorbing bound- 
aries plays a key role in the numerous industrial and bio- 
logical processes that confine dissolved polymer chains 
in spatially restricted geometries. Models for this behav- 
ior usually postulate that the polymer/surface interac- 
tion is totally steric-polymer chains are permitted to 
sample all configurations with equal probability except 
those that intersect a surface; intersecting configura- 
tions are completely disallowed. With steric effects dom- 
inant, a zone of diminished polymer concentration forms 
near each surface, and this zone has a characteristic dimen- 
sion comparable to the radius of polymer chains in bulk 
solvent. This “depletion layer”, first discussed by Asakura 
and Oosawa,’ has its basis in configurational entropy, inas- 
much as chains near the surface are limited to a reduced 
set of configurations as compared to chains far away. A 
decrease in the relative density of the low-entropy, sur- 
face-affected chains allows the system to equalize the chem- 
ical potential near the surface with that in the bulk solu- 
tion. The extent of the density reduction depends on 
the distance from the surface, as the average chain entropy 
also varies with distance. 

In water, with its high dielectric constant, both dis- 
solved polymer chains and solution interfaces have a strong 
tendency to develop charge, either by ion adsorption or 
by dissociation of ionizable groups. Aqueous interfaces, 
in fact, are generally negatively charged, as are many poly- 
electrolytes of commercial interest. Such a combination 
of like charges can induce long-range repulsive forces 
between a dissolved polymer chain and nearby surfaces. 
From a technological standpoint these phenomena can 
significantly affect interpretation of size exclusion chro- 
matography (SEC) data as well as implementation of oil 
recovery methods. In the latter instance, polymers used 
for mobility control may experience significant surface 
depletion due to the high surface charges of reservoir rock. 
When such conditions arise, the effective viscosity of the 
solution in the porous medium may be reduced due to 
the low viscosity of fluid layers near pore walls. 

The electrostatic interactions between a charged poly- 
mer and a charged surface are “screened” by nearby ions 
in a way t h a t  can be predicted by the  Poisson- 
Boltzmann equation. The thickness of the layer of dimin- 
ished polymer concentration is therefore extremely sen- 
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sitive to the ionic strength of the aqueous medium, with 
electrostatic contributions to this thickness minimized 
when a large excess of salts is added to the solution. In 
aqueous SEC of polyelectrolytes, for example, various 
review article&* suggest that addition of salts to raise 
the ionic strength to the level of 10-2-10-3 M is suffi- 
cient to eliminate the electrostatic contributions to sur- 
face depletion. (The electrostatic interactions under dis- 
cussion here are termed “ion exclusion” in the chroma- 
tography literature.) A chromatographic separation a t  
high ionic strength depends only on molecular size and 
is independent of the ionic character of the chains; chro- 
matographers nearly always seek this condition. In some 
SEC analyses, however, it is not possible to raise the ionic 
strength to this level, and the ionic strength is then 
observed to play a prominent role in determining the reten- 
tion time of the various polymer fractions. Problems of 
this type occur, for example, when a polymer species (or 
any other mobile phase component) is not soluble at the 
high ionic strengths necessary to fully screen polymer/ 
surface repulsion. We have frequently encountered this 
problem in our laboratories and, as a result, have been 
forced to conduct SEC experiments under operating con- 
ditions for which polymer retention is highly sensitive to 
ionic strength. Our difficulty in selecting appropriate 
experimental conditions to study such intractable poly- 
mers provoked the investigation reported in this contri- 
bution. 

The interaction of flexible-coil molecules with nonad- 
sorbing surfaces is complex even in the absence of long- 
range forces; as a result, many previous theoretical inves- 
tigations of surface depletion have resorted to approxi- 
mate numerical or analytical methods at the onset.”’ For 
rigid rodlike molecular models in dilute solution, on the 
other hand, the depletion layers formed near flat walls 
can be computed rather easily, and closed-form analyti- 
cal solutions exist in simple geometries.Sl1 Rodlike mol- 
ecules possess configurational entropy due to molecular 
rotation, and their depletion layers have the same qual- 
itative features as those of flexible molecules. In our ini- 
tial calculations we have therefore chosen to study a rod- 
like polyelectrolyte model in dilute solution, expecting 
that the results could be useful in studies of surface effects 
involving short DNA fragments or degraded xanthan frac- 
tions. This choice of a perfectly rigid molecular model 
has a significant drawback in that the molecular confor- 
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eter of the polyelectrolyte is a good approximation (with- 
in the Debye-Huckel limit) except when the polymer- 
surface separation is comparable to the chain diameter. 
A t  such small length scales effects such as van der Waals 
interactions, hydration forces, and the location of charge 
groups in the repeat unit structure cannot be ignored; 
we will not incorporate any of these complications in the 
present model and will therefore focus only on the deple- 
tion effects arising from phenomena operative a t  length 
scales much greater than the chain diameter. 

/A or tpn  

Figure 1. Sketch of the variables employed to define the rod- 
like polyelectrolyte's configuration relative to  a neighboring sur- 
€ace. 
mation is independent of ionic strength, an important if 
not dominant property of flexible polyelectrolytes. A few 
studies of polyelectrolytes near surfaces have retained 
chain flexibility, and the ensuing calculations are then 
both complex and appro~ ima te ; '~ J~  these studies have 
so far considered polymer/surface interactions only in 
the context of polymer adsorption. We find that the non- 
adsorbing rod problem can be done essentially analyti- 
cally within the Debye-Huckel approximation for the elec- 
trostatic interactions. The present study can be regarded 
as an initial step in a broader investigation of how real, 
nonadsorbing polyelectrolytes respond to long-range sur- 
face forces. 

The problems under investigation possess two or, in a 
few cases, three characteristic length scales. These are 
the rod length L, the Debye length K - ~ ,  and the width H 
of the pore (more precisely, a slit) containing the rod; 
this rod model assumes that the rod cross section is infin- 
itesimal. The Debye length provides an estimate of the 
distance over which electrostatic repulsions are opera- 
tive and may vary from 1 to 100 nm, depending on ionic 
strength. These distances are comparable to the persis- 
tence lengths 1, of many stiff polyelectrolytes (for dou- 
ble-stranded DNA, 1, - 60 nm; for xanthan or collagen 
I ,  - 120-150 nm),14 and this analysis is obviously valid 
only when L is somewhat less than 1,. The product LK 
controls much of the behavior to be described. When LK 
>> 1, the depletion layer will be dominated by entropic 
effects, and the depletion layer thickness will be equal 
to that of an uncharged rod. When LK - 1: on the other 
hand, electrostatic effects may have a significant influ- 
ence, particularly at  large distances from the surface (i.e., 
a t  distances greater than L). When LK << 1, the rod can 
be modeled as a point charge, and the depletion layer 
thickness will be approximately K - ~ .  All three cases will 
be considered in the context of a single bounding wall 
against a semiinfinite solution reservoir and in a slit of 
finite width H we will employ the slit calculations to 
provide a description of SEC separations involving rod- 
like polyelectrolytes. In addition to lowering concentra- 
tion, the long-range interactions can modify the average 
relative orientation of rods with respect to the wall. This 
effect will be discussed, both with electrostatic effects 
present and in their absence; even in this latter case, lit- 
erature results for surface-induced orientation have not 
been available. 

The present calculations employ a line charge model 
for the polyelectrolyte chain, a model that has been amply 
discussed in the 1i terat~re . l"~~ The simplifications made 
possible by ignoring the finite diameter of the polymer 
backbone are significant. Previous workers interested in 
the electrostatic interactions of rodlike polyelectrolyte 
segments in aqueous media have applied this simplifica- 
tion with considerable success, notably in models for the 
chain expansion and second virial coefficient of polyelec- 
trolytes in dilute solution.16-20 Ignoring the finite diam- 

Model Formulation 

1. Electrostatics. Using standard approxima- 
t i o n ~ , ~ * , ~ ~  one can obtain from solution of the full non- 
linear Poisson-Boltzmann equation the electrostatic poten- 
tial $(I) for the combination of a line charge polyelectro- 
lyte model and a flat wall 

Sten, eL 02$(r) = - sinh [ T] - 6[r - L(s)]- (1) 
6 6 1, 

where t is the permittivity of the fluid (assumed con- 
stant), z is the valence of the free ions, no is the concen- 
tration of free ions in bulk solution, Iz  is the Boltzmann 
constant, Tis the temperature, and e is the charge of an 
electron. The polyelectrolyte rod is characterized by its 
length L and an average distance I ,  between bound charges, 
each of magnitude e; the chain configuration is defined 
with respect to the origin of the r coordinate system 
through a vector function L(s). The following line inte- 
gral is necessary to fully specify the rod configuration: 

The scalar parameters, specifying position along the rod 
backbone, runs from 0 to L, and 6 is the usual Dirac delta 
function. The effective charge of the molecule has been 
smeared uniformly along its length; this approximation 
is not unduly severe for the current purposes, even when 
real chains with widely separated charges are consid- 
ered. Constant surface charge boundary conditions are 
written 

a$ $, - = 0 as z --+ 

ax 

(3) 

(4) 

where x is an independent variable specifying position 
relative to the surface, and u is the surface charge den- 
sity. The surface charge density can be alternatively 
expressed in terms of the surface potential $0 when the 
rod is not present, u = (8n0&T)~ /~s inh  [ze$0/2kT].  The 
rod/surface geometry and associated coordinate nota- 
tion are sketched in Figure l. 

The appropriate boundary conditions for the poten- 
tial field during the approach of a real polyelectrolyte 
chain to a charged surface are certainly more complex 
than suggested by eq 3. A better description would stip- 
ulate a fixed density of ionizable groups on both the poly- 
mer chains and the surface and then allow the degree of 
dissociation of these groups to depend upon the local poten- 
tial environment induced during the interaction. This 
approach, pioneered by Ninham and Parsegian,26 requires 
information about the dissociation constants of a spe- 
cific polyelectrolyte and a specific surface, details we wish 
to avoid here. Alternately, the surface potential could 
be held constant during the interaction, the assumption 
commonly imposed in models for closely approaching col- 
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loidal particles. For aqueous systems, however, in which 
surface charge is normally developed by dissociation of 
bound groups, the constant surface charge conditions is 
more satisfactory than the constant surface potential 
condition.27 The neglect of the electrostatic field induced 
within the solid as the polyelectrolyte approaches the sol- 
id’s charged surface can be justified whenever the dielec- 
tric constant of the solid material is small and the solid 
wall is thick.2S 

A general analytical solution of eq 1 in the presence of 
a charged wall appears a formidable challenge. Reduc- 
tion of the nonlinear term via application of the Debye- 
Huckel approximation makes the problem much sim- 
pler, without eliminating the depletion and orientation 
effects under study. We therefore linearize the Poisson- 
Boltzmann equation as follows: 

( 5 )  

where K is the reciprocal of the Debye length 

2e2n0z2 ‘ I 2  
K =  [ T I  (6) 

The Debye-Huckel approximation obviously restricts solu- 
tion of the Poisson-Boltzmann equation to regions where 
the potential is small. The interaction free energy will 
be calculated by a method that imposes this restriction 
only at  a dividing surface between the rod and the wall, 
not necessarily in the immediate proximity of either the 
rod or the wall where the potential can be large. 

If $(r) has been determined for a given rod/surface 
configuration by evaluating eqs 1-4, the relative electro- 
static free energy AE of the rod (compared to the rod’s 
electrostatic free energy in bulk solvent) can be calcu- 
lated by integrating the work required to bring the rod 
charge into its specified configuration from some distant 
position at  which the electrostatic potential is zero. There 
are several equivalent approaches to this problem, and 
the one we have selected is discussed extensively in the 
context of rod/rod interactions by Brenner and Parsegianls 
and in the context of sphere/sphere interactions by Bell 
et al.2Q and Oshima et Basically, the electrostatic 
free energy is obtained as the integral of the line charge 
density multiplied by the potential exerted by the wall 
a t  each point occupied by the line charge. 

AE = $,R$,(r)%[r - L(s)] ds d r  4 (7) 

The potential in the aqueous solution induced by the wall 
charge, ignoring the presence of the line source, is denoted 
+&). Alternatively, AE is calculated as an integral over 
the product of the potential along the fluid boundary 
(induced by the line source in absence of the wall charge) 
and the surface charge density of the wall. The second 
approach is more difficult than the first, since the poten- 
tial field of the arbitrarily placed line source must be 
solved in the presence of the dielectric discontinuity of 
the wall. The equivalency of the two approaches arises 
from the symmetry of the Green’s function for a point 
source charge, in a medium of variable dielectric con- 
stant, as described by the linearized Poisson-Boltzmann 
equation. The line source rod model is then regarded as 
an integral over a uniform distribution of point sources. 

The relationships of eq 7 to more commonly encoun- 
tered forms for the free energy of interaction of charged 
bodies are given in Fixman.24 The quantity AE com- 
prises the only component of the system electrostatic 
energy needed to examine the equilibrium configura- 
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tional statistics of the rod; it excludes the self-energy of 
the rod, ion atmosphere, and charged wall. These extra 
components of the free energy are independent of the 
rod/surface configuration and are therefore ignored. More 
generally, the total interaction energy between charged 
bodies includes osmotic contributions in addition to the 
screened charge interactions discussed so far. These inter- 
actions arise due to the deformation of the counterion 
cloud as one charged body approaches another; they cre- 
ate free energy changes even when one of the bodies is 
uncharged. As this model of the polyelectrolyte is a line 
rather than a cylinder, osmotic contributions to the inter- 
action energy are absent; their neglect will only be impor- 
tant at separation distances of the order of the diameter 
of the rod. The sole condition for application of eq 7 is 
that the total potential a t  some stress surface lying between 
the rod and the wall can be expressed as the linear super- 
position of the individual potential field of a line source 
and a charged wall (recognizing, of course, that this wall 
separates domains of differing dielectric constant). Thus, 
the analysis will remain valid even for highly charged 
rods if the charge parameter used in eq 7 is the asymp- 
totic long-range effective charge density for the line source 
(likewise for the wall if it is highly charged) and the rod/ 
wall separation is somewhat greater than the inverse Debye 
length. At  lower charge densities, where the potential is 
everywhere small, the actual charge density a t  the line 
source can be directly substituted into eq 7. 

The rod’s configurational partition function depends 
explicitly on the rod orientation, specified by general- 
ized angular coordinates Q, and the rod center-of-mass 
position xc. Equations 1-7 must therefore be solved for 
each allowed configuration of the rod, taking care to skip 
any configuration violating the surface of a bounding wall. 
Following the Boltzmann distribution law, the relative 
concentration of each of the permitted rod/surface con- 
figurations, compared to the concentration of this con- 
figuration in free solution, can be expressed 

In the absence of wall constraints or electrostatic poten- 
tials, the rod assumes all configurations with equal like- 
lihood; in this case fo  is independent of Q and xc. Near 
a surface, however, fo  does depend on the rod/wall con- 
figuration. 

James and Williams31 recently presented a scheme for 
numerically solving the nonlinear Poisson-Boltzmann 
equation in nontrivial geometries. Specifically dis- 
cussed is the potential field around an infinitely long, 
charged cylinder held at  fixed separation from a charged, 
parallel wall; the cylinder’s radius is comparable to the 
rod/wall separation. Even in this simple geometry the 
calculations are complex, strongly suggesting that a com- 
plete solution to the present problem (including finite 
length, nonparallel orientation, and nonlinear electro- 
static effects) would be exceedingly painstaking. Such a 
solution would necessarily incorporate successive three- 
dimensional numerical integration of the nonlinear equa- 
tion for $(r) and evaluation of the electrostatic free energy 
of each of the permitted rod/surface configurations. The 
full nonlinear calculation is only necessary for highly 
charged rods at small distances from the wall (as in the 
case illustrated by James and Williams). These config- 
urations are highly improbable, as their electrostatic energy 
is high, so they will have little impact on equilibrium 
configurational statistics. In any case, these configura- 
tions occur at such small separations that in real sys- 
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Each concentration profile has been normalized by its 
free solution value. 

Integration of eqs 12-14 requires knowledge of C(Xl,x), 
a function that contains information about both entropy 
and enthalpy (when long-range interactions are includ- 
ed). The segment concentration profile C(Xl,x) can be 
determined by counting all permitted configurations with 
the point A1 on the rod fixed to position x ;  each config- 
uration is then weighted according to its appropriate 
Boltzmann factor. The number of configurations for each 
(X1,x) pair is proportional to the area of the spherical 
envelope defined by rotation of the longer end of the rod 
about position x .  Configurations that include wall vio- 
lations by either the longer or shorter ends of the rod are 
disallowed. The following forms are obtained by this pro- 
cess if we avoid, for the slit problem, the less important 
case when H < 2L. In a very narrow slit where H < 2L, 
the rod, with segment A 1  a t  fixed location x ,  can experi- 
ence steric interactions with both bounding walls upon 
rotation; following ref 11, this problem is easily solved, 
but its solution introduces no additional physics. Strong 
electrostatic interactions with both walls, on the other 
hand, typically persist even when H > 2L. 

tems other surface forces probably dominate over elec- 
trostatic forces. 

The approach outlined in previous paragraphs requires 
the solution of the Poisson-Boltzmann equation in the 
presence of charged fluid boundaries; the presence of the 
charged rod is specifically excluded from this solution. 
An accounting of the rod becomes necessary only as the 
free energy change is subsequently calculated. Poten- 
tial fields induced by charged boundaries are discussed 
in elementary texts.32 Near a single wall against a semi- 
infinite reservoir of fluid 

where y is given 

exp[~e#~/2kT]  - 1 
exp[ze$,/2kT] + 1 (10) 

In a narrow slit of thickness H, the Debye-Huckel solu- 
tion for $, valid everywhere in the slit when the surface 
potential is not too great, can be written 

y =  

cash [u(H/2 - x)] 
0 < x < H/2, $o < ze/2kT 

(11) 
' = " cosh (uH/2) 

where $0 is the surface potential; the surface charge is 
related to the sur.face potential as 0 = K ~ $ O  tanh (uH/2). 
More general expressions for the electrostatic potential 
in the slit, valid at  larger surface charge, could be employed 
as well,33 at  the expense of added calculational effort. 
We assume here, and later on, that the narrow channel 
opens to a reservoir in which the potential falls to zero 
and that the polymer concentration reaches its bulk solu- 
tion value in this distant reservoir. 

2. Entropic Effects. Depletion of concentration near 
a well for a rodlike polymer model was first discussed by 
Giddings et  al.,s DiMarzio and Guttman,3* and Casassa.'O 
Later, this subject was more fully explored by A ~ v r a y . ~  
Recently, Hoaglandll presented a formalism for solving 
rod problems in constricted geometries, and his approach 
will be followed here. The first step is to divide the rod 
into two sections, a longer one of length A1 and a shorter 
one of length XZ. The segment concentration profile as 
a function of distance from the wall is then written C(Xl,x), 
L/2 < AI < L. Special quantities that can be derived 
from the function C ( h l , x )  include the monomer concen- 
tration profile C,(x), the center-of-mass concentration 
profile C(L/2,x), and the rod end concentration profile 
C(L,x): 

These quantities are easily calculated when rod entropy 
alone is important: 

(15a) 
= 1  x > L  (15b) 

C(LI2,X) = 2 x / L  0 < x < L/2 (164 
= 1  x > L / 2  (16b) 

C(L,x) = 0.5(x/L + 1) x < L ( 1 7 4  
= 1  x > L  (1%) 

C,(x) = x/L[l  -In ( x / L ) ]  0 < x < L 

X,<L-x  

C(X,,x) = 2xlexp(-AE/k7') 1 1  dy A, < x (20) 

The upper and lower limits on the integrals have been 
derived by accounting for the full range of accessible angles 
for each value of XI and x ;  a more complete discussion 
of these limits is given in an earlier paper.ll 

3. Solution Method. The calculation of the rod/ 
wall configurational statistics has been reduced to a series 
of nested integrals that can be evaluated easily by stan- 
dard numerical techniques. The most significant prob- 
lem is bookkeeping; to illustrate the necessary proce- 
dures we will discuss the calculation of the monomer con- 
centration profile C&) near a single interacting wall. 
We first derive C(Xl,x), employing Figure 2 to help us 
properly account for the limits on the integral combina- 
tions derived from eqs 18-20. The resulting forms for 
C(X,,x) are then inserted in eq 12, leading to three dif- 
ferent expressions for monomer concentration C,(x), 
depending on the relative value of x to rod length L: 

x < L/2 

lSLz~XiA1exp(-AE/kT) L L- -1 dy dX, (21) 

C ( x )  = L L / 2  l 'exp(-hE/kT) -1 dy dX, + 

x > L  

The Roltzmann factor can be obtained by integrating along 
the rod backbone to obtain AE 

AE(X,,x,y) = c l L # ( x , )  ds (24) 4 O 
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1 

AI  Eqn 20 

Distance from wall, x 

Figure 2. Sketch of the application range of each of eqs 18-20. 
The segmental concentration is determined by a vertical inte- 
gration, at fixed x ,  over the range L / 2  < AI C L. 
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L) 

- 
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0.20 

000 
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XiL 
Figure 3. Monomer concentration profile near a single inter- 
acting wall along with that of an uncharged rod of equal length 
and that of a point charge of equal charge magnitude. (Q* = 
10, L* = 10, +* = 2.) 

where all variables are as before, and x s  is the x coordi- 
nate of the local rod position variable s, x s  = x - y(A1- 
s).  The dummy variable y can be identified as cos (e), 
where the angle 6' is defined in Figure 1. 

Results will be presented in terms of a set of dimen- 
sionless variables: Q* = ( L / l J ( l / z )  = dimensionless total 
rod charge, L* = K L  = dimensionless rod length, and +* 
= $oze /kT = dimensionless surface potential. The 
required integrations are performed by using the trape- 
zoidal rule, with an accuracy in the final, reported quan- 
tity better than fl %. 

Results 
1. Concentration Profiles. For a typical set of param- 

eter values (Q* = 10, L* = 10, $* = 2),  the concentra- 
tion profiles for monomer and rod center-of-mass, C,(x) 
and C(L/2 , x ) ,  are illustrated in Figures 3 and 4, respec- 
tively. In each figure is shown, for comparison, the con- 
centration profile C,(x) of a point charge possessing an 
equal total charge magnitude Q. Also displayed are the 
concentration profiles (of the appropriate type) for an 
uncharged rod of equal length L. The point charge con- 
centration profile has been calculated from the Boltz- 
mann law 

C,(x) = exp(-Q$(x)/kT) (25) 
and the uncharged rod concentration profiles from eqs 
15 and 16. It  is clear from the figure that at  this inter- 
mediate value of KL the concentration profiles for the 
charged rod polyelectrolyte model are a blend of the point 
charge and uncharged rod concentration profiles. For 
smaller KL (KL < 10) the trend is toward greater similar- 
ity with the point charge profile, while at  larger KL the 
trend is toward greater similarity with the uncharged rod 
profile. The upturn in the concentration profile of the 
charged rod model, a t  a distance approximately one Debye 
length from the wall, is rather abrupt, a t  least as com- 

on0 020 0 4 0  o m  oxo 100 

XiL 
Figure 4. Center-of-mass concentration profile near a single 
interacting wall, alongside that of an uncharged rod of equal 
length and that of a point charge of equal charge magnitude, 
(Q* = 10, L* = 10, +* = 2.) 

pared with the upturn observed for an uncharged rod 
molecule of the same size. 

The combination of charge and length effects is espe- 
cially simple for the limiting case of small KL. In this 
situation a perturbation analysis shows that the mono- 
mer concentration profile near the wall can be expressed 
as a product of the point charge profile and uncharged 
rod profile (eqs 15 and 25, respectively) 

Equation 26 provides a quantitative analytical descrip- 
tion, according to comparison with the computational 
results, for KL I 1. 

2. Depletion Layer Thickness. The mixture of 
enthalpic and entropic exclusion effects for the charged 
rodlike polymer can be presented most simply in terms 
of a mean depletion layer thickness ( d )  (made dimen- 
sionless with L )  

Inasmuch as the total number of each segment A1 over 
the domain 0 < x < is independent of the choice of AI, 
the dimensionless mean depletion layer thickness is invari- 
ant to the specification of AI. Normally, eq 27 is most 
easily evaluated by using A 1  = L / 2 .  The value of ( d )  is 
0.25 for the uncharged rod model. 

The mean depletion layer thickness ( d )  is analogous 
to the excluded volume parameter appearing in theories 
for nonideal gases or in theories for polymer expansion 
in good solvents. Figure 5 displays the mean depletion 
layer thickness for a charged rod model with Q* = 10 
and +* = 2; KL is a parameter. Also shown in the figure 
are the mean depletion layer thicknesses, under identi- 
cal conditions, of a point charge and an uncharged rod. 
The point charge depletion thickness is given, in the 
Debye-Huckel limit, as Q$o~-l/kT. Figure 5 reveals the 
expected result that the charged rod undergoes a smooth 
transition from behavior similar to that of a pointlike 
charge a t  low KL to that of an uncharged rod at  high KL. 
Significantly, this transition occurs gradually with KL, per- 
sisting over an order-of-magnitude span of this parame- 
ter. Similar behavior is seen at  other values of rod charge 
Q* and surface potential +*, as illustrated in Figure 6 
and 7.  Several optical techniques may give direct exper- 
imental access to the mean depletion layer thickness for 
polyelectrolyte solutions above surfaces with known sur- 
face potential (evanescent wave-induced f luore~cence~~ 
or evanescent wave ellip~ometry,3~ for example). A sim- 
pler way to study concentration depletion near surfaces, 
however, is to measure the partitioning of model poly- 
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Figure 5. Mean depletion layer thickness as a function of dimen- 
sionless rod length. For comparison, the limiting forms for an 
equivalent point charge and an equivalent uncharged rod are 
also displayed. (Q* = 10, $* = 2.) 
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Dimensionless Rod Length, KL 

Figure 7. Mean depletion layer thickness as a function of the 
dimensionless rod length; the dimensionless charge Q* of the 
rod is the parameter. ($* = 2.) 
electrolytes between a thin channel and a large, con- 
nected reservoir; this technique is discussed in a later 
section. 

3. Orientation. The reduction of configurations by 
entropic and enthalpic interaction with an impenetrable 
wall alters not only the local segmental concentrations 
but also the position-dependent orientational distribu- 
tion function of the rodlike molecule. This alteration 
occurs even in the absence of long-range forces when the 
rod/wall interaction is entirely steric. Such orienta- 
tional effects can be presented in terms of an orienta- 
tional order parameter S defined with respect to a nor- 
mal vector for the wall: 

(28) 
3(C0S2 e )  - 1 

2 S =  

The averaging process denoted ( ) is to be executed, at 

......... r L = ? O  
K L =  I O  

Uncharged 

........... 
- .rl .=2 ............ 

Figure 8. Orientational order parameter S. The dimension- 
less rod length L* is the parameter. (Q* = 10, $* = 2.) 
least initially, with respect t o  the  concentration- 
weighted orientations of all the rod segments A1 located 
at position x .  By analogy to eq 12 and to eqs 18-20 

where 

Perfect ordering parallel to the wall yields S = -l/2, while 
complete random ordering, always obtained far from the 
wall, provides S = 0. In the limit of perfect rod align- 
ment perpendicular to the wall, S = 1.0. 

Without rod/wall electrostatic interactions the order 
parameter is easily obtained by analytical integration of 
eqs 30-32 with AE = 0. 

(33) 

The function S is plotted in Figure 8 for both the charged 
and uncharged rod models. The x / L  intercept of S is -l/2 
for the uncharged rod, although the evolution of S toward 
this value is masked in the figure since the abscissa is 
linear in x / L .  That the orientation function reaches - l / ~  
at its intercept implies that the contributions to S at this 
point from rod end segments, those with AI = L,  are over- 
whelmed by the contributions from middle segments asso- 
ciated with rods that are actually laying flat against the 
wall. This prediction is not obvious since C(A,,x) is 0.0 
at x = 0, except for the case A1 = L. The contribution 
from the end segments rises very rapidly away from x = 
0.0, explaining the rapid evolution of S at small x / L .  A t  
larger x / L  the orientation function increases to its iso- 
tropic limit over a length scale comparable to the length 
of the rod. 

When electrostatic interactions are included, the func- 
tional dependence of S on x / L  is immediately altered 
since the configurations with the rod laying flat against 
the wall present a prohibitive energestic cost. The rod 
segments found near the wall are now mainly contrib- 
uted by rods with centers-to-mass at larger x / L .  Rota- 
tion of these rods by Brownian motion is responsible for 
bringing the few segments near the wall into other loca- 

1 - (x /L) '  + 2 In (x/L) 
4 - 4 In ( x / L )  

S =  
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Point Charge , ,o Uncharged Rod 

0.00 0.50 I .00 

XiL 
Figure 9. Orientational order parameter defined by align- 
ment of rod center of mass. Compared to the segmental-based 
orientation functions of the previous figure, this orientation func- 
tion increases monotonically with distance away from the wall 
until reaching its plateau value. (L* = 10, Q* = 10, $* = 2.) 

tions. The average orientation near the wall is therefore 
nearly perpendicular to the wall. With inclusion of elec- 
trostatic interactions S goes through a minimum a t  K X  - 1; this minimum occurs in the same range of x / L  as 
does the upturn in the monomer concentration profile. 

If orientation is examined as a function of center-of- 
mass position, the orientation function S monotonically 
increases from - l / ~  a t  the wall toward its asymptotic ran- 
dom value of zero in free solution. The expected trend 
is displayed in Figure 9. The averaging process is now 
over center-of-mass rod segments alone; this average can 
be obtained by weighting the integrand of eq 29 with 
6(X1 - L / 2 ) .  The monotonic increase shown by this new 
average simply reflects the necessary ordering by the wall, 
irrespective of long-range interaction, of rods with cen- 
ter-of-mass positions closer to the wall than L.  An exper- 
iment to measure wall ordering will mostly likely be sen- 
sitive to the monomer-based orientation discussed in the 
previous paragraph, not that associated with the center 
of mass. Many probes of surface structure are sensitive 
to segmental structural anisotropy near the surface (IR- 
ATR, X-ray reflectance, ellipsometry), so experimental 
verification of these predictions appears possible. In the 
dilute regime, of course, effects arising from molecular 
orientation are small and perhaps difficult to measure. 
I t  would therefore be interesting and worthwhile to extend 
these results to nondilute concentrations. 

4. Partition Coefficients. The reduction in poly- 
mer concentration near surfaces implies that the aver- 
age concentration of rodlike polyelectrolytes in small pores 
will be less than in free solution. For a slit of width H 
this reduction can be expressed in terms of the partition 
coefficient Kp 

2 HI2 
H o  K ,  = -$ C(LI2,x) dx (34) 

remembering that C(LI2,x) has been normalized with 
respect to its free solution value outside the slit. It is 
worth noting that the partition coefficient conveys the 
same information as the mean depletion layer thickness 
( d )  only when the depleted zone is confined to a region 
near the wall of thickness less than H / 2 ;  this condition 
will generally not be satisified when electrostatic effects 
are included, as these effects persist over several multi- 
ples of the Debye length into the solution. For an 
uncharged rod of length L (with H > L / 2 )  

(35) K,  = 1 - L / 2 H  

0 0  
0 1 0  20 30 4 0  50 

Dimensionless Rod Length, KL 
Figure 10. Variation of partition coefficient with KL, holding 
L constant. This figure can be interpreted in terms of changes 
in ionic strength (K - 1112) at fixed rod length. For small 1 the 
partition coefficient of the rod is comparable to that of a point 
charge, while at larger 1, the behavior is more comparable to 
that of an uncharged rod model. (Q* = 10, $* = 2, H = 3L). 

while for a point charge Q ,  using eq 11 

20Q+, KH 
2 K p = l - -  

(K" tanh - (36) 

in the Debye-Huckel limit. 
The partition coefficient for the charged rod model as 

a function of KL is shown in Figure 10, with Q* = 10, W* 
= 2 ,  and H = 3L. Varying KL under these conditions is 
equivalent to holding L constant and varying K .  At low 
K (equivalently, a t  low ionic strength) the charged rod 
behaves as a point charge and is highly excluded from 
the slit by electrostatic repulsion. At  much higher K the 
electrostatic interactions are reduced, and the rod enters 
the pore in a fashion more closely approaching that of 
an uncharged rod. I t  is important to note, however, that 
even at  KL = 40 the effects of ionic strength are still sig- 
nificant. Smith and Deen3' have commented on the 
remarkable persistence of electrostatic effects at  high ionic 
strength when charged spheres are partitioned between 
bulk solution and highly confining cylindrical pores of 
like charge; in the case of spherical particles, of course, 
the electrostatic effects include an osmotic component. 

5. Implications for SEC of Polyelectrolytes. Par- 
tition coefficients provide information directly relevant 
to polymer size analysis in SEC columns. The elution 
volume of a polymer fraction V, is related to the parti- 
tion coefficient through the expression38 

V, = V, + K,V, (37) 
where V. is the column exclusion limit and V, is the per- 
meation volume of solvent in the stationary phase. We 
will discuss a sample case in which the dimensionless sur- 
face potential +* = 2 and the rodlike polyelectrolyte is 
10 nm long, possessing one fully dissociated valence 1 
ionic group per nanometer; this charge density is below 
the limits of charge density predicted by "counterion 
c o n d e n s a t i ~ n " . ~ ~ ~ ~ ~  For this rod specification the prod- 
uct KL exceeds 40, the critical threshold for neglect of 
electrostatic effects under the conditions of the previous 
section, only when the ionic strength exceeds 1.4 M. The 
Poisson-Boltzmann equation has little theoretical foun- 
dation a t  such a high ionic strength, of course, but an 
appropriate electrostatic theory for high ionic strength 
solutions has yet to be derived. With this caveat, it appears 
reasonable to interpret the results of Figure 10 as indi- 
cating that electrostatic depletion will be significant a t  
ionic strengths less than the general range 0.5-1.5 M. The 
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Dimensionless Rod Length, KL 
Figure 11. Variation of partition coefficient with KL, holding 
K constant. This figure can be interpreted in terms of the rod 
length dependence of partitioning at fixed ionic strength. The 
parameter AK, is defined as the difference between the charged 
rod partition coefficient and the uncharged rod partition coef- 
ficient after this difference has become constant at large KL. 
(KH = 20, $* = 2, Q* = L*.) 

SEC implications are obvious-electrostatic depletion of 
highly charged, rodlike macromolecules from surfaces can- 
not be neglected except a t  large values of ionic strength, 
values that are much above than commonly practiced. 
In fact, this exercise considered a polymer of rather low 
charge density; electrostatic depletion effects in real sys- 
tems are likely to be greater. 

With acceptance that electrostatic effects are signifi- 
cant, the most important model prediction for SEC appli- 
cations is the dependence of the electrostatic depletion 
on molecular length L, at fixed ionic strength and rod 
charge density; such constraints are the ones pertinent 
to a molecular weight analysis. These conditions are 
obtained when KH is constant (KH >> l), as is Q/L (the 
charge per unit length). Figure 11 shows how the parti- 
tion coefficient depends on chain length holding these 
parameters constant. The very shortest rods are excluded 
from the slit by electrostatic effects alone. Larger rods 
are excluded by both electrostatic and entropic effects. 
Significantly, the dependence of K ,  on L follows the same 
functional dependence on L,  a t  large L,  as for uncharged 
rods; the parameter AK, defined in the figure is essen- 
tially constant when KL > 1. This parameter does depend 
on the rod’s charge density and the stationary phase sur- 
face potential as revealed in the following correlation of 
the partition coefficient: 

-1 

L K ’  K,  = 1 - 2~ - g f ( Q / L , t l o )  KL >> 1, H >> L (38) 

The third term provides a quantitative correlation of AK, 
under the conditions noted. 

The physical interpretation of eq 38 is simple. At  finite 
ionic strength the effective channel width to a charged 
molecule is reduced by an amount proportional to K-1. 

Similarly, the effective length of the charged rod is 
increased by an amount proportional to K - ~ .  Inasmuch 
as the rod lengths under consideration are smaller than 
the channel width, the rod length effect dominates the 
ionic strength dependence of K,. Equation 38 is there- 
fore written so that the electrostatic effect appears as a 
rod length increase proportional to K - ~ .  Nicolai and 
Mande120 have used a similar length increase argument 
to partially explain the ionic strength dependence of the 
second virial coefficient of short DNA fragments, and 
Munch et al.41 have applied this argument to membrane 
rejection of polyelectrolytes. These partition coefficient 
predictions can be directly tested by conducting SEC 

experiments with either ionic strength or pore size as the 
variable. 

The impact for SEC is now clear-although electro- 
static effects are important to separation of charged rods, 
as long as the rod lengths exceed the Debye length K - ~ ,  
the relative separation of rods can be interpreted in terms 
of rod molecular weight alone. This is true even when 
the actual retention of the various polymer fractions 
depends strongly on ionic strength. Since the rod model 
does not incorporate polyelectrolyte expansion, it is not 
certain if these statements will apply to flexible polymer 
chains. Further calculations for flexible polymer mod- 
els are clearly warranted. 

Although experimental data enabling a rigorous veri- 
fication of this model have yet to appear in the litera- 
ture, the problem of polyelectrolyte partitioning into 
charged pores has been a subject of both theoretical and 
experimental st~dy.37,41-~5 In all theoretical analyses the 
polymer has been modeled either as an impenetrable rigid 
sphere or as a permeable porous sphere. Model predic- 
tions have been compared to partitioning data for rigid 
protein molecules, flexible polyelectrolytes, and colloi- 
dal lattices. Similarly, configurational effects on mem- 
brane filtration have been examined by Long et aleM using 
tobacco mosaic virus as a model rodlike macromolecule. 
Experimental efforts have not yet addressed both con- 
figurational and electrostatic effects in a rodlike system. 

Limitations of the Model 
Three major conditions must be satisfied before apply- 

ing this model: the polyelectrolyte must be truly rod- 
like, the rod diameter should be small, and the potential 
on a stress surface between the polyelectrolyte and the 
wall must be expressible as a sum of the individual poten- 
tials of the polyelectrolyte and the wall. The first con- 
dition is satisified for polymers such as DNA and xan- 
than if the chain length is sufficiently short compared to 
the persistence length. For the polymers cited, the per- 
sistence length is a t  least 50 times the chain radius. I t  
is thus possible to study chains that are both rigid and 
possess a high aspect ratio. 

Electrostatic effects are affected to some degree by the 
finite radius of polymer chains. This influence can be 
understood by examining the expression for the radial 
dependence of the potential around a charged cylinder 
of radius ro 

(39) 

where KO and K1 are the modified Bessel functions, and 
X ( r )  plays the role of an effective charge density at  radial 
distance r.  In the Debye-Huckel limit X ( r )  is a con- 
stant equal to the real linear charge density evaluated at  
the rod surface. The rod radius enters the Debye- 
Huckel potential expression only through the parameter 
combination KroKl(Kr0), which tends toward unity for small 
KrO. Even for the largest reasonable value of Kro (=0.1) 
this product is within 2% of its limiting value. The rod 
radius is thus a negligible parameter in the electrostatic 
free energy calculation until the rod/wall separation is 
of the order of ro. At these smaller separations electro- 
statically induced osmotic forces, van der Waals interac- 
tions, and hydration forces will all be significant. 

The third condition for applying the model, the exist- 
ence of a stress surface on which the potential is express- 
ible as a linear superposition of individual potentials, will 
be automatically obeyed if the Debye-Huckel approxi- 
mation is valid everywhere between the polymer and the 
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wall. This validity occurs when the wall charge density 
is low and the polymer linear charge density is not too 
high. From the calculations of Le Bret and Zimm,47 
F i ~ m a n , ~ ~  and the potential around a cylindri- 
cal polyelectrolyte is found to be everywhere expressible 
through the linearized Poisson-Boltzmann equation under 
the following conditions: 
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1, = e 2 / A k T  
In this case the charge density parameter X ( F )  is con- 
stant. We therefore expect that the Debye-Huckel approx- 
imation is valid if the average distance on the chain 
between covalently bound, fully ionizable, valence 1 ionic 
groups is a t  least 1.4 nm (the Bjerrum length lb is about 
0.7 nm in water). At higher charge densities the asymp- 
totic long-range effective charge density X( m), provided 
by models such as the counterion condensation theory 
of Manning,39 will be adequate to characterize the poly- 
mer’s charge density if the smallest distance between the 
polyelectrolyte rod and the wall is of order magnitude 
~ - 1  or greater. A t  smaller separations and at higher charge 
densities the interaction between polyelectrolyte and wall 
can only be determined by complete evaluation of the 
boundary value problem posed in eq 1, with subsequent 
evaluation of AI3 through a charging process.32 It  appears 
that such elaboration is not useful since other forces are 
likely to dominate when the necessary conditions for this 
more complex calculation arise. 

Conclusions 
A simple model of the interaction of a charged, rod- 

like polymer and nearby charged surfaces has been for- 
mulated. The simplest test of this model will be pro- 
vided by measurements of the ionic strength depen- 
dence of SEC elution of monodisperse rodlike 
polyelectrolytes such as DNA or xanthan; such data can 
then be compared to eq 38. This experiment would be 
useful in verifying that size separation can occur, and be 
interpreted as such, even when electrostatic effects are 
important. Direct depletion layer measurements by opti- 
cal methods would also be helpful. Important theoreti- 
cal extensions of this work will be to examine flexible 
polyelectrolyte models in the same context and the exam- 
ine the effects of relaxing the diluteness constraint for 
rodlike chains. We are currently working on both of these 
problems. 
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